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A highly accurate and ef� cient method for modeling three-dimensional reacting � ows with detailed
chemistry is described in this paper. A mass-� ux-based governing system is developed for general cur-
vilinear coordinates to obtain compactness of the discretization stencil. The momentum equations are
represented by a set of equations of mass � uxes across cell interfaces, which are discretized by using
staggered grid techniques. A third-order monotone upwind-biased scheme is used for all of the convection
terms in the � ow equations and species equations to minimize numerical diffusion and capture the sharp
gradients existing in � ames. The governing equations are divided into a chemical reaction part and a
� uid � ow part, and they are solved in a semicoupled way. An implicit semicoarsening multigrid method
combined with a line-distributive relaxation is used as the � ow solver. The species equations are discre-
tized by an implicit method and solved in a fully coupled way. Computational results for a con� ned
co� owing diffusion � ame show good agreement with experimental data. A detailed three-dimensional
calculation of combustion in a gas-turbine combustor with strong swirling in� ows is also presented.

I. Introduction

T YPICAL combustion problems involve � ow variables,
temperature, and a large number of chemical species, and

require the solution of the coupled equations of mass, mo-
mentum, species balance, and energy with detailed thermo-
dynamic and transport relations and � nite rate chemistry. Be-
cause of the strong interaction between � uid � ow and chemical
reaction, and severe stiffness and nonlinearity of chemical re-
action terms, the governing equations are extremely dif� cult
to solve. Furthermore, the large number of chemical species
that must be solved at each grid point for detailed chemistry
makes the computational cost extremely high.

In the past, numerical studies have followed two paths: 1)
simple � ow with detailed chemistry1– 6 or 2) complex � ow with
reduced chemistry.7– 11 For many years, detailed combustion
simulation has been limited to simpli� ed one- or two-dimen-
sional test cases. With the rapid development of ef� cient nu-
merical methods and powerful computers in recent years, sim-
ulation of combustion is now advancing to attack more
practical problems, such as three-dimensional combustion with
detailed chemistry.

This paper describes a very accurate and ef� cient numerical
method developed for calculating general three-dimensional
reacting � ows with detailed chemistry. The principal focus is
on the development of a highly ef� cient and accurate method
for chemical species transport equations. Based on the � nite
volume frame, an implicit method is developed to solve the
three-dimensional Navier– Stokes equations and chemical spe-
cies transport equations in general curvilinear coordinates. A
distinctive feature of this method is that the mass � uxes are
employed as the dependent variables. The momentum equa-
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tions of mass � uxes are discretized in staggered control vol-
umes by using the techniques developed by Patankar,12

whereas the energy equations and species equations are inte-
grated basically by using a cell-centered � nite volume scheme.
In this way, the discretized mass equation remains as simple
as in the Cartesian grids and the stencil is spatially the most
compact. A third-order monotone upwind-biased scheme13,14 is
used for all of the convection terms of � ow equations and
species equations to minimize numerical diffusion and main-
tain the sharp gradients existing in � ames.

This method was tested by calculating a con� ned co� owing
methane – air diffusion � ame and strong swirling combustion
in a three-dimensional gas-turbine combustor. Comparison
with experimental data is made for the � rst case.

II. Governing Equations
The governing equations for general compressible reacting

� ows in integration form can be summarized as follows.
Mass conservation:

­r
dV 1 rq ?n d s = 0 (1)E E­tV G

Momentum conservation:

tn d s
­rq

dV 1 rq(q ?n) d s =E E E­tV G G

(2)

In low-speed combustion, the kinetic energy is negligible
comparing with enthalpy, therefore the energy conservation
can be simpli� ed as8

tn? q d s
­(rh 2 p)

dV 1 rh(q ? n) d s =E E E­tV G G

1 l (=h ?n) d s (3)hE
G
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Chemical species equation:

­rYa
dV 1 rY (q ?n) d s = l (=Y ?n) d sa Y aE E E­tV G G

1 R dV a = 1, 2, . . . , NS (4)aE
V

Enthalpy and state equations:

h = h(Y , T ) (5)a

Ya
p = rRT (6)O Waa

where t is time, V is a � xed control volume with boundary G,
r is density, p is pressure, q is velocity vector, T is temperature,
h is enthalpy, n is the unit outer normal vector of the boundary,
tn is the total viscous stress acted on a surface with outer
normal vector n, and Ra is the chemical reaction rate of species
a. The variables R, Ya, and Wa are the gas constant, mass
fraction, and molecular weight of species a, respectively, and
the speci� c enthalpy and species diffusion coef� cients are de-
termined from

l = [(m /Pr ) 1 (m /Pr )] (7)h C L T T

l = [(m /Sc ) 1 (m /Sc )] (8)Y C L T T

where mC is molecular viscosity, mT is the turbulent viscosity
determined by turbulence models, PrL and PrT are the laminar
and turbulent Prandtl numbers, respectively, and ScL and ScT

are the laminar and turbulent Schmidt numbers, respectively.
From the constitutive relations, we have

2–[t] = 2(p 1 m= ?q)[I ] 1 2m[«] (9)3

­q ­qi j
« = 1 (10)i, j F G­x ­xj i

m = m 1 m (11)C T

Both h and m can be calculated by the following formulas:

T T

h = Y h , h = C dT = h 1 C dT (12)a a a P a 0 P aO E Ea a a

a 0 T0

0 1 2 2 3 3 4 4C = C 1 C T 1 C T 1 C T 1 C T (13)P P P P P Pa a a a a a

0 1 2 2 3 3 4 4m = Y m , m = m 1 m T 1 m T 1 m T 1 m TC a a a a a a a aO
a

(14)

where is the standard formation enthalpy of the ath species,h0a

, , . . . , , , , . . . , are polynomial coef� cients0 1 4 0 1 4C C C m m mP P P a a aa a a

for and ma , respectively.CPa

All thermal and transport parameters are obtained by linking
with CHEMKIN-II15 standard libraries.

III. Chemical Reaction Model
For laminar � ames, the chemical reaction rate Ra for the ath

species can be calculated by

N N NR S S

n̂ njl jlR = v (n 2 n̂ ) F n 2 B n (15)a a ja ja j l j lO F S P P DG
j=1 l=1 l=1

where va is the molecular weight of species a, NR is the total
number of reaction steps, NS is the total number of species,
nja( ) refers to the stoichiometric coef� cient of products (re-n̂ja

actants), and nl = rYl/vl.
The function F j(Bj) is the rate constant for the forward

(backward) reaction step j. We assume Fj has the following
Arrhenius temperature-dependent form:

a jF = A T exp[2(E /RT )] (16)j j j

and Bj has a similar expression. The reverse rate constant can
be written in terms of the forward rate constant and the equi-
librium constant Cj as

B = F /C (17)j j j

Here, C j is also obtained by calling CHEMKIN-II. The pre-
exponential factor Aj, the temperature exponent aj, and the
activation energy Ej can be compiled from published experi-
mental work.

For turbulent reacting � ows, the algebraic correlation clo-
sure (ACC) model is used to introduce a correction term to
the reaction rate.4,5

IV. Staggered Finite Volume Scheme
One may think that the use of mass � uxes (similar to con-

travariant velocities) on a staggered grid will result in messy
governing equations and cause great dif� culties in coding.
However, that is not always true. On the other hand, the stag-
gered grid methods have some distinctive features that are very
desirable for numerical simulations. The following reasons are
why we chose these methods to solve the reacting � ow on
arbitrary grids:

1) Using a staggered grid can result in more accurate and
robust schemes as concluded by numerical analysis and con-
� rmed by our previous calculations on regular Cartesian grids.

2) On a general curvilinear grid system, the staggered grid
method can be best used by combining with mass � uxes or
contravariant velocities. For each equation of mass � uxes, the
discretization stencil for its pressure gradient in the main di-
rection is the most spatially compact, therefore eliminating the
possibility of odd – even decoupling of pressure.

3) The use of the mass � uxes also bene� ts the solution of
mass, energy, and chemical species equations. The � ow con-
vection is accurately represented.

4) With the use of proper discretization and careful selection
of de� nition locations for variables, the governing equations
can be kept simple enough for the momentum equations, and
even simpler for all scalar conservation equations.

5) Most importantly, this method will retain the close rela-
tion between mass � ux and pressure difference on curvilinear
grids. Therefore, the pressure-correction method can be used
very ef� ciently. This feature yields a fast convergence on cur-
vilinear grids that is similar to that on Cartesian grids.

In this work, the basic scheme is the � nite volume method.
The computational domain is discretized into a number of
quadrilateral cells in two dimensions or hexahedral cells in
three dimensions. As shown in Fig. 1, 1-2-3-4-5-6-7-8 forms
a typical cell in three-dimensional problems. In � nite volume
formulation, the mass � uxes across cell interfaces in each of
the three cell index directions can be expressed as

rU = (rq ? S )i11/2, j,k 5678 i1 1/2, j,k

rV = (rq ?S ) (18)i, j1 1/2,k 2376 i, j1 1/2,k

rW = (rq ?S )i, j,k11/2 3487 i, j,k1 1/2

where q = [u, v, w]T is the velocity vector in Cartesian coor-
dinates (x, y, and z), (U, V, and W ) are the � ow � uxes that
are equivalent to the scaled contravariant velocities multiplied
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Fig. 1 Control volume and cell surface locations.

by transformation Jacobian, subscripts i, j, and k denote the
cell indexes in three curvilinear coordinate directions, respec-
tively.

The cell face vectors are denoted as follows for clarity:

1 1x 1y 1zS = S = (S , S , S )j =const

2 2x 2y 2zS = S = (S , S , S ) (19)h =const

3 3x 3y 3zS = S = (S , S , S )z =const

Generally, the velocity � uxes are expressed as

1x 1y 1zU = uS 1 vS 1 wS
2x 2y 2zV = uS 1 vS 1 wS (20)
3x 3y 3zW = uS 1 vS 1 wS

2 11x 1y 1zu U S S S
2x 2y 2zv = A V , A = S S S (21)F G F G F G
3x 3y 3zw W S S S

For simplicity, Eq. (21) is denoted as

mq = a U (22)l lm

which will be referred to frequently later in this paper.
In the actual computation, rU, rV, and rW are regarded as

the dependent variables instead of U, V, and W. The reasons
for this are twofold. First, they are conservative quantities. The
advantage becomes obvious in combustion simulation. During
the early stage of iteration, temperature may change signi� -
cantly from step to step when ignition is started or the � ame
is expanding. Therefore the density will change greatly as well.
If U, V, and W are used as dependent variables, the mass
conservation will be totally lost after the energy equation is
solved and the density is updated since the mass � ux rU, rV,
and rW will also change as density changes. On the other
hand, if rU, rV, and rW are used as the dependent variables,
obtained only from the momentum equation and mass equa-
tion, they will not change even if a new density � eld is ob-
tained from the solution of the energy equation. And so, the
mass conservation is still kept. That makes the iteration quite
robust and very ef� cient. Secondly, the resulting equations are
relatively simpler. This is apparent if the viscous terms are not
considered. It is true the viscous terms will be more compli-
cated since viscous stresses are only involved with velocity
derivatives. However, the complication of viscous terms can
be easily removed in actual programming by introducing a
temporal array to store rU/r, rV/r, and rW/r before viscous
force is calculated.

The variable rU is de� ned at (i 1 , j, k); rV is de� ned at1–
2

(i, j 1 , k); and rW is de� ned at (i, j, k 1 ). All other1 1– –2 2

variables, r, p, h, and Ya , are de� ned at the call centers. Only
r, rU, rV, rW, h, and Ya are the dependent variables that are
solved directly from the integral conservation Eqs. (1 – 4). All
other parameters are determined from relations (5 – 10).

The governing equations for the mass � uxes can be estab-
lished through coordinate transformation, then their forms are
indeed quite complicated. Karki and Patankar16 use the veloc-
ity components along the grid line as the dependent variables
in momentum equations. The discretization equations for these
velocity components are obtained using an algebraic manipu-
lation of the discretization equations for the Cartesian velocity
components to avoid complicated tensor algebra. This ap-
proach has also been successfully used by the present authors
in developing a high-order scheme for direct numerical sim-
ulation.17 But we prefer using the contravariant velocities (or
mass � ux) instead of the velocity components along the grid
line, because the mass equation can be expressed straightfor-
wardly by the contravariant velocities, and the resulting pres-
sure-correction equation is simpler.

For highly compressible � ows, conservation is strongly em-
phasized, especially when there are discontinuities in the so-
lution, like shock wave in transonic � ow and � ame front in
combustion. To correctly capture the location of discontinuity
in the � ow� eld, strongly conservative schemes must be used.
In the aforementioned approach,16,17 the geometric terms from
grid stretch, curvature, and skewness are majorly presented as
source terms in the discretization equations. It is really hard to
ensure conservation for these terms.

In this article, the integral form of the governing equations
is used. All of the geometric parameters together with � ow
variables are put in a � ux form, which measures the transaction
of mass, momentum, and energy across the control volume
interfaces. In this way, local balance, as well as global con-
servation, will be guaranteed once the solution is converged.

The discretization equations for mass � uxes are obtained by
applying the momentum equation to certain control volumes
with � nite volume techniques. For example, the equation for

can be obtained by simply multiplying Eq. (2) withrU i1 1/2, j,k

the face vector , and applied to control volume1S i11/2, j,k

, which is formed by connecting j-line midpointVoli1 1/2, j,k

abcdhefg as shown in Fig. 1:

S 1?tn d s
1­r(q ?S ) 1dV 1 r(q ?S )(q ?n) d s =E E E­tV G GU U U

(23)

This equation represents the momentum conservation in direc-
tion of S 1. Keep in mind that S 1 = is a constant vector1S i11/2, j,k

within the control volume VU = , but it changes fromVoli1 1/2, j,k

control volume to control volume.
In the previous equation, all q will eventually be expressed

in terms of U, V, and W by using Eqs. (20) and (21). We prefer
to do the transformation later in the succeeding sections be-
cause it will be much easier to do that after discretization.

The momentum equations for rV and rW can be obtained
similarly.

All of the other equations, i.e., mass conservation, energy
conservation, and species equations, are applied to control vol-
ume Voli, j,k. They can be put in a general form:

­rf
dV 1 rf(q ?n) d s = l(=f ?n) d sE E E­tV G G

1 F d s 1 S d s (24)E E
G V

where f = [1, h, Ya]T, F = [0, tn? q, 0]T, and S = [0, 0, Ra]T

with a = 1, 2, . . . , NS.
The previous equations are not their � nal forms, the Carte-

sian velocity q is still used for simplicity. It will be replaced
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by mass � uxes during the discretization process described
later.

A. Momentum Equations

The rU Eq. (23) is applied to the staggered control volume
, and discretized by using the � nite volume methodVoli11/2, j,k

as

n11 n(rU ) 2 (rU )i11/2, j,k i11/2, j,k
Voli1 1/2, j,k

Dt

6

11 ([S ? (rq) ](q ? S ) = Vis (25)l l rUO
l=1

where l is the cell surface index, ranging all six cell surfaces
of the control volume . VisrU is the total viscous stressVoli1 1/2, j,k

component in direction acted on the boundary surface1S i1 1/2, j,k

of (see Refs. 18 and 19).Voli1 1/2, j,k

By using Eq. (18), the previous formula can be expressed
in term-by-term as

n11 n(rU ) 2 (rU )i11/2, j,k i11/2, j,kVoli1 1/2, j,k
Dt

1 11 {q ? S }(rU ) 2 {q ?S }(rU )i1 1, j,k i11/2, j,k i11, j,k i, j,k i1 1/2, j,k i, j,k

11 {(rq) ?S }(V )i1 1/2, j1 1/2,k i11/2, j,k i11/2, j11/2,k

12 {(rq) ?S }(V )i1 1/2, j2 1/2,k i11/2, j,k i11/2, j21/2,k

11 {(rq) ?S }(W )i1 1/2, j,k1 1/2 i11/2, j,k i1 1/2, j,k11/2

12 {(rq) ?S }(W ) = Vis (26)i1 1/2, j,k2 1/2 i11/2, j,k i1 1/2, j,k21/2 rU

Since S 1 changes from point-to-point, some terms in Eq. (26),
like cannot be written directly as mass1(rq) ?Si11/2, j11/2,k i11/2, j,k

� uxes. But they can be expressed as functions of the mass
� uxes by using Eq. (22). For example, 1(rq) ?Si11/2, j11/2,k i11/2, j,k

should not be mixed up with ; its exact form can(rU )i1 1/2, j1 1/2,k

be found:

1 m 1(rq) ?S ={ra U } {S }i1 1/2, j11/2,k i11/2, j,k lm i11/2, j11/2,k l i11/2, j,k

1={a } {S } {rU}l1 i11/2, j11/2,k l i1 1/2, j,k i11/2, j11/2,k

11{a } {S } {rV}l2 i1 1/2, j11/2,k l i11/2, j,k i11/2, j11/2,k

11{a } {S } {rW}l3 i1 1/2, j11/2,k l i11/2, j,k i11/2, j11/2,k

(27)

Based on the idea of the MUSCL scheme, a partially up-
wind-biased scheme is developed to approximate the momen-
tum � uxes through cell surfaces. The basic idea is that the � ux
through the control volume surface is regarded as the product
of the mass � ow and the conserved quantity. According to the
sign of mass � ux, the conserved quantity is set to its upwind-
side value. Thanks to the staggered scheme, the mass � ux
through the surfaces is always directly available. There are
only two possible locations for all of the control volume sur-
faces, either the surface lies along with one of the original grid
surfaces or it runs through the original grid cell center. In the
former case, the mass � ux is already de� ned. In the latter case,
since the Cartesian velocity and density are de� ned at the cell
center, the mass � ow also can be found straightforwardly.
Therefore, only the conserved quantity at the surface needs to
be interpolated or obtained through reconstruction of data from
the cell-averaged values like van Leer’s MUSCL method. This
feature ensures that the calculated � ux is continuous when
mass � ow changes sign. For example, if the � ux F through a

control volume surface S in the i direction consists of mass
� ow M and the conserved quantity c, then

F = (M ? S ) ci i i

1 2= (M ? S ) c 1 (M ?S ) c (28)i i(2 ) i i(1 )

In the previous equation, the superscripts 1 and 2 on a
variable denote the positive and negative part of the variable,
respectively,

1 2m = max(m, 0), m = min(m, 0) (29)

and the superscripts (1) and (2) on an index indicate that the
variable is taking the limit value on the interface from the left
or the right, respectively. For instance, in i direction we have

c = lim c , c = lim c (30)i(2) l i(1 ) l
l<i l>i
l i l i® ®

High-resolution schemes up to third order can be constructed
by setting

cs i21/2
c = c 1 [(1 2 k)= 1 (1 1 k)D]ci(2) i21/2 i21/2

4

cs i11/2
c = c 2 [(1 1 k)= 1 (1 2 k)D]ci(1) i11/2 i11/2

4

where = and D are backward- and forward-difference opera-
tors and k is a parameter used to control the order of the
scheme. The term k = (1/3) is used in the present method to
construct the third-order scheme. When k = 21 the scheme
degrades to the second-order fully upwind method. The limiter
s is adopted to ensure the monotone interpolation following
Koren20 as

3=c Dc 1 ul2 1/2 l2 1/2cs = (31)l2 1/2 22(=c 2 Dc ) 1 3=c Dc 1 ul2 1/2 l2 1/2 l21/2 l2 1/2

where a small constant u with a typical value of 102 20 is added
to prevent division by zero.

In our solution algorithm, only , ,(rU ) (rU )i13/2,j,k i2 1/2, j,k

, , , ,(rU ) (rU ) (rU ) (rU )i1 1/2, j1 1,k i1 1/2, j2 1,k i11/2, j,k1 1 i1 1/2, j,k2 1

, , and are treated implicitly for rU equa-(rU ) p pi1 1/2, j,k i, j,k i1 1, j,k

tion. In general, the rU equation can be expressed in d form
as

A d(rU ) 1 A d(rU ) 1 A d(rU )E i1 3/2, j,k W i2 1/2, j,k N i11/2, j11,k

1 A d(rU ) 1 A d(rU )S i1 1/2, j2 1,k F i11/2, j,k11

p1 A d(rU ) 1 A d(rU ) 1 A dpB i11/2, j,k2 1 C i11/2, j,k L i, j,k

p1 A dp = 2Ru (32)R i1 1, j,k i1 1/2, j,k

where Ru denotes the residual of rU equation, including con-
vection and diffusion terms.

Similarly, the momentum equations of rV and rW can be
found.

B. Scalar Conservation Equations

All of the scalar conservation Eq. (24) is discretized in con-
trol volume with cell-centered � nite volume scheme.Voli, j,k
The previous upwind-biased scheme with limiter is used for
the convection terms. The second-order compact central dif-
ference scheme is used for the diffusion terms. The only ex-
ception is the mass conservation equation, which bene� ts most
from the staggered grid. The discretized equation has the sim-
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plest form and is the most compact in space in terms of mass
� uxes

d(rU ) 2 d(rU ) 1 d(rV ) 2 d(rV )i1 1/2, j,k i21/2, j,k i, j1 1/2,k i, j2 1/2,k

1 d(rW ) 2 d(rW ) = 2Rm (33)i, j,k11/2 i, j,k21/2 i, j,k

where d( ) = ( )n11 2 ( )n, and

n1 1 nr 2 ri, j,k i, j,k n nRm = Vol 1 (rU ) 2 (rU )i, j,k i1 1/2, j,k i2 1/2, j,k
Dt

n n n n1 (rV ) 2 (rV ) 1 (rW ) 2 (rW )i, j1 1/2,k i, j21/2,k i, j,k11/2 i, j,k11/2

In case only steady state is interested, the time-dependent term
of mass equation can be dropped for fast convergence.

All other equations are discussed in their general form [Eq.
(24)] except for the source term and the stress work term. The
source terms of the species equations are usually dominant and
strongly nonlinear. We will discuss the treatment of those
source terms in Sec. IV.C. The stress work term in the energy
equation has no contribution to the implicit coef� cients, its
discretization form can be found in Refs. 18 and 19. If we
leave the implicit coef� cients contributed by the source terms
to Sec. IV.C, the discretized forms of Eq. (24) can be written
in the following form:

F df 1 F df 1 F df 1 F dfE i11, j,k W i21, j,k N i, j1 1,k S i, j2 1,k

1 F df 1 F df 1 F df = 2Res(f) (34)F i, j,k1 1 B i, j,k2 1 C i, j,k

where Res(f) is the residual of f equation.
The convection term is discretized by using the same

method described in Sec. IV.B. The diffusion term on the right
side of Eq. (24) is discretized through two steps. First we cal-
culate the gradient =f on the cell surface by applying Gauss’s
formula to the respective staggered control volume, and then
assemble the integration. Since the gradients are computed lo-
cally, the resulting scheme reduces to a compact one when the
regular grid is used.

C. Implicit Treatment of Reaction Source Term

The major dif� culty in the calculation of � nite rate com-
bustion is the stiffness of the species equations. To solve this
problem, the source terms (production rate of chemical reac-
tion) must be treated implicitly.

In Sec. IV.B, the discretization of time-dependent, convec-
tion, and diffusion terms of the general scalar conservation
equation is discussed. For the chemical species equations, the
discretized equations can be written as

F dY 1 F dY 1 F dY 1 F dYE a W a N a S ai1 1, j,k i2 1, j,k i, j1 1,k i, j21,k

1 F dY 1 F dY 1 F dYF a B a C ai, j,k11 i, j,k2 1 i, j,k

n n= 2[C (Y ) 2 D (Y ) 2 R ] (35)T a T a a

where CT is the convection term and DT is the diffusion term.
Ra is the reaction rate de� ned in Eq. (15):

N NR S

rYl
R = W (n 2 n̂ ) F n̂a a ma ma m mlO H F P S DWlm=1 l=1

NS

rYl
2 B nm mlP S D GJWll=1

The reaction rate is usually very large and dominant near the
� ame front. Therefore, implicit treatment for the reaction rate
term is necessary. Using Taylor expansion, we have

­Ran1 1 n 2R = R 1 dY 1 2(dY ) (36)a a l lO O­Yll l

De� ning

TR = (R , R , . . . , R )1 2 NS

TdY = (dY , dY , . . . , dY )1 2 NS

­Ra
D =a l

­Yl

we may have

n1 1 nR ’ R 1 DdY (37)

where D is an NS by NS matrix.
It is apparent that the implicit treatment of Ra requires a

coupled solution of all species equations. By denoting

n n nRes = C (Y ) 2 D (Y ) 2 R (38)a T a T a a

for the residual of the ath species equation, and

TRes = (Res , Res , . . . , Res ) (39)1 2 NS

for the residual vector, Eq. (35) becomes

F IdY 1 F IdY 1 F IdY 1 F IdYE i1 1, j,k W i2 1, j,k N i, j1 1,k S i, j2 1,k

1 F IdY 1 F IdY 1 (F I 1 D)dY = 2ResF i, j,k11 B i, j,k21 C i, j,k

(40)

where I is a unit matrix with the elements

0 if l ¹ m
I = (41)lm H1 if l = m

and F is a scalar.
Equation (40) is the � nal form of the species equations.

They are solved in a coupled way. If line relaxation is used
along the j line and the Gauss – Seidel iteration is used in i, k
directions, for instance, then Eq. (40) can be rewritten as

new new newF IdY 1 (F I 1 D)dY 1 F IdYS i, j2 1,k C i, j,k N i, j11,k

old new= 2Res 2 F IdY 2 F IdYE i11, j,k W i21, j,k

old new2 F IdY 2 F IdY (42)F i, j,k11 B i, j,k2 1

The left-hand side of Eq. (42) forms a block – tridiagonal sys-
tem, which can be solved by using the tailor-made algorithm
combined with a Gauss elimination method for the small block
matrix inversion.

V. Computational Procedures
To solve the governing equations discretized in foregoing

sections, an implicit time-marching method has been devel-
oped. The governing equations are divided into two sets: 1)
the � ow part and 2) the chemical reaction part. They are solved
alternately to avoid solving a huge system of equations at the
same time. Different solving techniques are applied to those
two sets of equations.

In the laminar case, the system consists of 21 equations (if
there are 16 species). In the turbulent case, there will be 23
equations. They are solved in groups: 1) rU, rV, rW, and p
by solving the mass and momentum equations; 2) k, «, and mt

by solving the turbulence model in turbulent combustion case;
3) h, and Ya by solving the energy and species equations; and
� nally, updating 4) r and m by calling CHEMKIN-II.

For the � ow part, a line-distribution updating scheme21,22 is
used. To further accelerate the convergence, a semicoarsening
multigrid method is developed. Here we only describe the
techniques we used for our speci� c applications. In our



102 ZHENG ET AL.

Table 1 C1– chain methane – air reaction mechanisma

No. Reaction A a E

1 CH3 1 H CH4 1.90E136 27 9050
2 CH4 1 O2 CH3 1 HO2 7.90E113 0 56,000
3 CH4 1 H CH3 1 H2 2.20E14 3 8750
4 CH4 1 O CH3 1 OH 1.60E16 2.36 7400
5 CH4 1 OH CH3 1 H2O 1.60E16 2.1 2460
6 CH2O 1 OH HCO 1 H2O 7.53E112 0 167
7 CH2O 1 H HCO 1 H2 3.31E114 0 10,500
8 CH2O 1 M HCO 1 H 1 M 3.31E116 0 81,000
9 CH2O 1 O HCO 1 OH 1.81E113 0 3082
10 HCO 1 OH CO 1 H2O 5.00E112 0 0
11 HCO 1 M H 1 CO 1 M 1.60E114 0 14,700
12 HCO 1 H CO 1 H2 4.00E113 0 0
13 HCO 1 O OH 1 CO 1.00E113 0 0
14 HCO 1 O2 HO2 1 CO 3.00E112 0 0
15 CO 1 O 1 M CO2 1 M 3.20E113 0 24200
16 CO 1 OH CO2 1 H 1.51E17 1.3 2758
17 CO 1 O2 CO2 1 O 1.60E113 0 41,000
18 CH3 1 O2 CH3O 1 O 7.00E112 0 25,652
19 CH3O 1 M CH2O 1 H 1 M 2.40E113 0 28,812
20 CH3O 1 H CH2O 1 H2 2.00E113 0 0
21 CH3O 1 OH CH2O 1 H2O 1.00E113 0 0
22 CH3O 1 O CH2O 1 OH 1.00E113 0 0
23 CH3O 1 O2 CH2O 1 HO2 6.30E110 0 2600
24 CH3 1 O2 CH2O 1 OH 5.20E113 0 34,574
25 CH3 1 O CH2O 1 H 6.80E113 0 0
26 CH3 1 OH CH2O 1 H2 7.50E112 0 0
27 HO2 1 CO CO2 1 OH 5.80E113 0 22,934
28 H2 1 O2 2OH 1.70E113 0 47,780
29 OH 1 H2 H2O 1 H 1.17E19 1.3 3626
30 H 1 O2 OH 1 O 2.20E114 0 16,800
31 O 1 H2 OH 1 H 1.80E110 1 8826
32 H 1 O2 1 M HO2 1 M b 2.10E118 21 0
33 H 1 O2 1 O2 HO2 1 O2 6.70E119 21.42 0
34 H 1 O2 1 N2 HO2 1 N2 6.70E119 21.42 0
35 OH 1 HO2 H2O 1 O2 5.00E113 0 1000
36 H 1 HO2 2OH 2.50E114 0 1900
37 O 1 HO2 O2 1 OH 4.80E113 0 1000
38 2OH O 1 H2O 6.00E18 1.3 0
39 H2 1 M H 1 H 1 M c 2.23E112 0.5 92,600
40 O2 1 M O 1 O 1 M 1.85E111 0.5 95,560
41 H 1 OH 1 M H2O 1 M 7.50E123 22.6 0
42 H 1 HO2 H2 1 O2 2.50E113 0 700
43 HO2 1 HO2 H2O2 1 O2 2.00E112 0 0
44 H2O2 1 M OH 1 OH 1 M 1.30E117 0 45,500
45 H2O2 1 OH H2O 1 HO2 1.00E113 0 1800
aRate coef� cients: K = AT a exp(2E/RT ), units: moles, cubic centimeters, seconds, Kelvins, and calo-
ries.
Third body ef� ciency with respect to Ar:
bH2O = 21, H2 = 3.3, CO = 2.0, CO2 = 5.0, N2 = O2 = 0.
cH2O = 6, H = 2, H2 = 3.

method, the density and pressure are de� ned at the cell center
and the contravariant velocities are de� ned at cell interfaces.
The density and pressure are transferred from the � ner level
by area weighting to the coarser grid; the contravariant veloc-
ities on coarser grid are simply set to be the sum of those at
corresponding interfaces. The residuals on � ner grids are re-
stricted to coarser by adding up the corresponding part to the
staggered stencils. After relaxation is completed on the coarser
grid, the corrections are fed back to the � ner grid by bilinear
interpolation.

For the reaction part, the energy equation is solved together
with the species equations. An implicit alternate line-relaxation
method is used for the energy equation. The species equations
are treated in a fully coupled way. The reaction source terms,
which are non-linear and usually troublesome, are treated im-
plicitly through linearization. The block – line tridiagonal
solver combined with vectorized pivoting Gauss elimination is
used, which was found very effective to handle the sensitivity
and stiffness of the system.

The multigrid method is used only for momentum and con-
tinuity equations in this work. The other equations, such as
energy equation, species equations and k, « equations, are

solved on a single grid. Therefore, we cannot achieve full mul-
tigrid ef� ciency. However, the whole process for solving our
system is still substantially accelerated.

VI. Boundary Conditions
The boundary type usually encountered can be classi� ed as

in� ow, out� ow, solid wall, symmetrical (slip), and periodical.
At the in� ow boundary, the � ow velocity, enthalpy, and chem-
ical species are speci� ed, but the pressure is extrapolated from
the interior, then the density is found by using the state equa-
tion.

For the out� ow boundary, the back pressure is prescribed
and other variables are extrapolated from the interior.

For the solid wall boundary, since a ghost cell is always in-
troduced, both slip (symmetrical) and nonslip conditions can be
easily implemented with use of mass � uxes. The idea can be
shown by considering wall conditions on a j = const plane. For
nonslip conditions, reverse re� ection is applied to all of the mass
� uxes associated with the ghost cell. For a slip (symmetrical)
boundary, the reverse re� ection is only applied to V, direct re-
� ection is applied to U and V. In both cases, the velocity � ux
V lying on this plane ( j = const) is always set to zero.
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Fig. 2 Schematic con� guration of a
co� owing burner.

Fig. 3 Axial pro� les of a) temperature, b) CH4, c) O2, d) H2O, e) CO2, and f ) N2 mole fractions along the centerline.

The periodical boundary is the simplest one. All of the val-
ues on the ghost cell are taken directly from the corresponding
cell on the other side.

All of the boundary conditions are treated implicitly through
modi� cation of the implicit coef� cients of the discretized
equations at the boundary points.

VII. Numerical Results
For a given combustion problem, the chemical reaction

mechanism needs to be speci� ed � rst. The chemical reaction
mechanism can be obtained from published experimental
work. In the numerical simulation, it is represented by the pre-
exponential factor Aj, the temperature exponent aj, and the
activation energy E j of the chemical reaction equations. Those
parameters and reaction equations are speci� ed through an in-
put data � le mech provided by users in our code. In our test
cases involving methane – air reaction, the C1-chain reaction
mechanism in Table 1 given by Xu et al.3 is adopted, in which
16 species are involved in a 45-step reaction chain. Thermal
and transport parameters are obtained by calling CHEMKIN-
II subroutines and databases.

The � rst test case is a laminar diffusion � ame anchored on
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Table 3 Summary of CPU time and convergence on different grids

Grid

Iteration number

Cold
� ow

Fast
reaction

Finite
rate Convergence CPU, h Machine

49 3 21 3 21
(21,609)

10 30 120 5.17 orders 1.77 Cray Y-MP

53 3 29 3 29
(44,573)

10 30 120 3.61 orders 3.57 Cray Y-MP

49 3 65 3 65
(207,025)

20 30 200 3.30 orders 21.3 Cray Y-MP

Table 2 Working conditions

In� ow speed Fuel Oxidizer
Species
number

Reaction
steps

See Fig. 5, 45-deg swirling angle Methane Air 16 45 (Table 1)

Fig. 5 Velocity vectors at the inlet.

Fig. 4 Combustor inlet velocity pro� les.

the base of a con� ned co� ow methane– air burner, which was
studied experimentally by Mitchell et al.,23,24 numerically sim-
ulated by Smooke et al.,1,2 and later by Xu et al.3 Referring to
Fig. 2, the physical con� guration consists of an inner cylin-
drical fuel stream with radius Ri = 0.635 cm surrounded by a
co� owing oxidizer jet (radius R0 = 2.54 cm). The length of the
tubular shield L = 30.0 cm. The fuel is pure methane (CH4).
The dry air that consists of 23.2% O2 and 76.8% N2 in mass
fraction is used as the oxidizer. The fuel comes into the burner
at a speed of 4.5 cm/s with a temperature of 298 K. The air
� ows in at a speed of 9.88 cm/s and a temperature of 298 K.
The tubular shield is cooled and kept at a constant temperature
of 298 K. Since a reverse � ow occurred at the exit, and the
moisture in the exhaust air is entrained into the burner, special
treatment is required at exit boundary conditions. Following
the suggestion by Michell,23 the reverse � ow is assumed to
consist of 22.8% O2, 2.11% H2O, and 75.09% N2. Since the
reverse � ow speed is unknown, in our calculation, it is damped
down by a factor of 0.8 compared with that of the interior
point to stabilize the computation.

As in Xu’s et al.3 calculation, the chemical reaction is as-
sumed to have 15 reactive species and involve 45 steps. In the
calculations done by Smooke et al.1,2 and Xu et al.,3 the axi-
symmetric condition was used to reduce the problem into a
two-dimensional one. Here we treat this case as a three-di-
mensional problem. The computational domain covers a quad-
rant of the cylindrical burner. Since the high-order scheme is
used, the results are found very accurate even on a relatively
coarse grid of 33 3 13 3 17. As shown in Fig. 3, the predicted
axial temperature pro� le and main species distribution are in
excellent agreement with the experimental data. A total of 190
iteration cycles are needed in this case to reduce the maximum
residuals of all equations by four orders of magnitude, includ-
ing 5 cycles for the cold � ow, 40 cycles for fast chemical
reaction � ow, and 145 cycles for � nite rate reaction � ow cal-
culations. During each iteration cycle, two multigrid V-cycles
are performed for the � ow part and two iterations for the re-
action part. The loose-coupling between these two parts makes
the multigrid algorithm work very ef� ciently for the � ow� eld,
and thus makes the combustion easy to converge. The total
CPU time for the calculation is only 210 min on an IBM
RS6000/360 workstation.

The second test case is a strong swirling combustion in a
three-dimensional gas-turbine combustor. The same fuel as
used in the � rst case enters the combustor through an inner
hole with a radius of 1.2 cm. The oxidizer, the air again, � ows
in coaxially through the outer circular ring with outer radius
of 36 cm. Both fuel and air are supposed to pass a swirler
before entering the combustor. The in� ow velocity pro� les are
plotted in Fig. 4. The inlet velocity vectors and the combustor
con� guration are plotted together in Fig. 5. This combustor is
simpli� ed from an experimental model.25 The overall geomet-

rical dimensions are kept the same as the experimental model,
but the airjets on the upper and bottom walls are ignored.

Again, the combustion is assumed to have nitrogen and 15
reactive species and involve 45 steps. The calculations are car-
ried out on three different sizes of grids. The computational
conditions, grid sizes, convergence, and CPU time are sum-
marized in Tables 2 and 3.

On the coarsest grid, the solution was easily brought to full
convergence within 160 steps, including 10 steps for cold-� ow
calculation, 30 steps for fast reaction, and 120 steps for � nite
rate reaction steps. The same time steps can reduce the resid-
uals on a middle-size grid (53 3 29 3 29) by 3.55 orders of
magnitude. On the � nest mesh, which consists of more than
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Fig. 6 Temperature isotherms on the center (x, y) plane.

Fig. 7 CH4 isopleths on the center (x, y) plane.

Fig. 8 O2 isopleths on the center (x, y) plane.
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Fig. 9 CO2 isopleths on the center (x, y) plane.

Fig. 10 H2O isopleths on the center (x, y) plane.

Fig. 11 CO isopleths on the center (x, y) plane.
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Fig. 12 CH3 isopleths on the center (x, y) plane.

200,000 grid points, we still have no dif� culty making the
solution converge, but the solution converges much slower
than that on the coarse grid. Eighty more time steps were used
in this case to reduce the residuals by 3.21 orders of magni-
tude. Actually, the results are hardly changed after the residuals
were reduced by three orders. The total CPU time for the � nest
grid computation is about 21 h. Considering the complexity of
the � ow� eld, the large numbers of chemical reactions, and the
large size of the grid, the computation is still believed to be
very ef� cient. The successful computation of this case also has
a signi� cant meaning, indicating that the simulation of a re-
alistic combustion problem with detailed chemistry is afford-
able even with present-day computational tools.

Because of space restraints, we only show the results ob-
tained on a middle-size grid. The calculated temperature iso-
therms on the central plane are plotted in Fig. 6. The mass
fraction distributions of main chemical species CH4, O2, CO2,
H2O, CO, and CH3 are presented in the form of isopleths in
Figs. 7 – 12.

VIII. Conclusions
A highly ef� cient and accurate method has been developed

for calculating general three-dimensional reacting � ows with
detailed chemistry. A distinctive feature of this method is that
the mass � uxes are employed as the dependent variables and
they are de� ned staggeredly at the grid cell surfaces. In this
way, the discretization stencils for momentum equations are
kept compact in general curvilinear coordinate systems and the
possibility of odd – even decoupling of pressure is eliminated.

The use of mass � uxes also bene� ts the solution of species
equations. The � ow convection at the cell surfaces of the con-
trol volume for species is now accurately represented by the
mass � uxes. By taking advantage of the simple wave structures
of the species equations, upwind schemes of various orders
can be easily constructed based on the local mass � uxes. In
the present study, a third-order monotone upwind-biased
scheme is used for all convections to minimize numerical
diffusion and to capture the sharp gradients existing in
� ames.

A semicoarsening multigrid method combined with a line-
distributive relaxation proves to be a very ef� cient method for
solving the � ow equations. Though the multigrid algorithm is
only applied to � ow part, the whole process of solving the
governing system is still substantially accelerated. Since the
� ow� eld acts like the carrier of chemical reaction, it can be
easily understood that a fast established � ow� eld will provide
a stable base for the reactions and therefore make the species

equations easy to converge. We believe this is the key to
greatly reducing the iteration number for the species equations.

The results of co� ow diffusion � ame calculation demon-
strate the accuracy of the present method, while the test case
of strong swirling combustion in a gas-turbine combustor
shows the capability and ef� ciency of the present method in
modeling real three-dimensional complex combustion with de-
tailed chemistry at an affordable cost.
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